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Abstract: We study the tensor consistency relation in models of axion inflation with an
SU(2) gauge field. In the tensor sector, we have two spin-2 modes, the standard gravity
waves and the tensor perturbations of the SU(2) gauge field which sources the gravity waves
at the linear level. Interestingly enough, we find that the gravity waves are adiabatic and
Maldacena’s consistency relation including a long wavelength gravity wave holds in this
setup. However, since it is partially polarized, there is a difference between the (n+1)-point
functions with different helicity states proportional to the ratio of the gauge field density to
the total density. These chiral n-point functions are the imprints of the SU(2) gauge field
on the primordial cosmological perturbations and a robust observational feature of their
contribution to the physics of inflation.
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1 Introduction
The energy scale of inflation can be as high as 1014 GeV which is perhaps the highest
observable energy scale in the Universe. Therefore it is natural to tune the inflationary
model within the existing particle physics models suitable for similar energy scales. Axion
fields are abundant in string theory and therefore well-motivated candidates for the inflaton
field. The axion effective potential is protected from dangerous quantum corrections, thanks
to the shift symmetry which guaranteed the flatness of the potential. The axion field, ϕ,
is classically coupled to gauge fields through the Chern-Pontryagin density, F ∧F . In fact,
gauge fields are commonplace in all particle physics, and, in particular, beyond standard
models which could have contributed to the physics underlying inflation. Consequently, one
important question is the possible observational features that the primordial axion-gauge
fields may leave on the CMB and LSS which hints their contribution to the early Universe
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physics. For an extensive review on the models of axion inflation and gauge fields in the
physics of inflation see [1] and [2].
The squeezed limit n-point functions are perhaps the easiest to measure, and besides,
carriers very direct information about the spectrum of particles during inflation [3]. The
inflationary consistency relation is a powerful probe of the early universe physics which
holds under very general conditions, i.e. when the long-wavelength mode is adiabatic [4].
The key points for deriving the consistency relation are the Weinberg’s adiabatic modes [5],
which are constant at k/H  1, and can be removed by a local coordinate transformation of
the background metric. The conservation of these adiabatic modes at super-horizon scales
is essential for relating the cosmological fluctuations produced during inflation with those
observed in CMB and LSS. The Weinberg’s theorem states that: assuming the standard
Banch-Davis initial condition, regardless of the details, inflationary settings with vanishing
entropy perturbations and anisotropic stress at super-horizon scales always have two scalar
and two tensor adiabatic solutions [5].
The consistency relation connects the squeezed limit (n + 1)-point function involving
a long adiabatic mode and n shorter modes to the n-point function of the shorter modes.
Maldacena’s original consistency relation has been generalized to the conformal consistency
relation in [6] and to an infinite set of Ward identities in [7]. Assuming Banch-Davis
vacuum, the scalar consistency relation holds in single clock inflationary models which
are dynamical attractors [8]. 1 On the other hand, Multi-field scalar models of inflation
typically violates the scalar consistency relations. However, as far as the multi-field model
has vanishing anisotropic stress for −kτ  1, the gravity wave consistency relation holds
[11, 12]. The inflationary extended cosmic no-hair theorem, 2 presented in [16], states that
such inflationary models violate the cosmic no-hair conjecture and hence can have stable
anisotropic inflation solutions. Inflation, however, puts an upper bound on the growth of
anisotropy which for slow-roll dynamics is of the order of slow-roll parameters. Among
models that can violate tensor consistency relation, one can mention the solid inflation [17]
and anisotropic inflation [18]. The violation of the cosmic no-hair conjecture and possibility
of the anisotropic inflation in these models has been studied in [19, 20]. A more recent and
model independent discussion on the violation of the tensor consistency relation is presented
in [21].
The focus of this work is on the single field axion inflation models coupled to an SU(2)
gauge field. 3 The gauge field and the axion are coupled through a Chern-Pontryagin
1Non-attractor single-field models can generate large local non-Gaussianities and violate the consistency
relation [9, 10].
2First argued by Hawking, Gibbons, and Moss in [13, 14], this statement that the late-time behavior of
any accelerating Universe is an isotropic Universe, is called cosmic no-hair conjecture. The first attempt to
prove this conjecture was presented in Wald’s seminal paper [15] which states that: Bianchi-type models
(except Bianchi IX) with the total energy-momentum tensor made of a cosmological constant, Λ0, and T˜µν
satisfying strong and dominant energy conditions approach de Sitter space exponentially fast, within a few
Hubble times H−1 =
√
3/Λ0. However, inflationary setups do not satisfy the conditions of the Wald’s
theorem [16].
3 Among the inflationary models involving an SU(2) gauge field, we can mention gauge-flation and
chromo-natural inflation which have been introduced and studied in [22] and [23] respectively. Both of
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density, λfF ∧ F . Due to the SU(2) algebra, the gauge field can have an isotropic and ho-
mogeneous field configuration. The interaction with the axion is then essential for breaking
the conformal invariance and evading the 1/a decay of the gauge field. We assume that
the gauge field has a small VEV and a negligible effect on the background evolution, i.e.
ρYM . 2M2plH2. Moreover, for the sake of generality, we consider an arbitrary axion poten-
tial that is able to support the slow-roll inflation. The cosmic perturbations of this model
has been recently studied in [26] and has been shown that it is in agreement with the current
CMB observations. 4 Although, the gauge field has a small contribution to the background
evolution, its quantum fluctuations, however, makes a significant contribution to the cosmic
perturbations. More precisely, the perturbed gauge field has some scalar degrees of free-
dom, linearly coupled to the curvature perturbations which will be relevant after horizon
crossing. As a result, the scalar perturbations are not adiabatic but we have a slow-roll
supported entropy perturbation. That then indicates that the scalar consistency relation is
violated in the presence of the SU(2) gauge field. In the tensor sector, the perturbed gauge
field has a spin-2 fluctuation which is linearly coupled to the gravity waves and explicitly
breaks the parity between the left- and right-handed polarization states. That then leads
to a chiral tensor power spectrum which satisfies in a modified version of the Lyth bound.
Since in this model, the gravity waves are coupled to the spin-2 perturbations of the gauge
field, that is important to explore if the gravity waves are adiabatic or not and the tensor
consistency relation holds.
Recalling that the tensor consistency relation holds in most of the inflationary settings,
any robust feature in the gravity waves observables can provide a clean hint for primordial
axion-gauge fields. In this work, we focus on the behavior of the super-horizon tensor
modes and (n+ 1)-point functions including a long-wavelength gravity wave in this setup.
First, we contract the gauge-invariant (internal) spin-2 perturbation of the gauge field by
removing the space-time perturbations induced on the SU(2) gauge field. Then we show
that in terms of that tensor modes and the gravity waves, the diffeomorphism invariance
forbids the presence of any effective mass term for the graviton. We emphasize that the
above argument is true for any covariant system of SU(2) gauge fields and is not limited
to this particular model. Next, we show that the resulting gravity waves are adiabatic and
therefore equivalent to a change of coordinate in the background metric. However, since the
gravity wave is chiral, the large diffeomorphism required to remove it is a bit different from
the standard one. In fact, the long-wavelength inhomogeneous solution of the gravity wave
(which is sourced by the gauge field) has the form of a standing circularly polarized gravity
wave in real space which looks like a Bianchi type VII0 metric. Finally, we turn to the
tensor consistency relation involving a long gravity wave mode. We show that Maldacena
consistency relation still holds. However, since the gravity waves are partially polarized,
gauge-flation and chromo-natural inflation models have been disfavored by Planck data [24, 25]. Recently,
two axion-gauge field inflationary models consistent with the current data have been studied in [26] and
[27].
4 For an intrinsic inflationary leptogenesis mechanism in models of axion inflation with a classical SU(2)
gauge field see [28–30]. Interestingly, the model presented in [26] can generate the observed value of baryon
to photon number density in a natural range of its parameters.
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there is a difference between the (n+1)-point functions of the different helicity states. That
provides an interesting observational feature for these models which can be investigated by
the future ambitious CMB observations, e.g. CMB-S4 [31]. We emphasize that since the
tensor perturbations in gauge-flation, chromo-natural inflation, and our model are the same,
our results hold for those models as well.
The outline of the paper is as follows: In Section 2 we review the symmetries of adiabatic
fluctuations and consistency relations in FRW cosmologies. In section 3 we briefly review
the axion-gauge field inflationary setup. In section 4 we investigate the implications of
the diffeomorphism invariance on the tensor perturbations and present the solutions. In
section 5 we study the adiabatic nature of the gravity waves in the presence of the spin-2
perturbations of the gauge field and work out the tensor consistency relation that holds in
this setup. We conclude in section 6. Some of the technical details of the derivations are
provided in Appendices A, B and C. Here and throughout, the reduced Planck mass is set
to unity, unless otherwise specified.
2 Adiabatic modes and inflationary consistency relations
Here, we briefly review Weinberg’s adiabatic modes theorem and Maldacena’s inflationary
consistency relations. For more details on Weinberg’s adiabatic modes see [5, 11] and for
details on Maldacena’s inflationary consistency relations see the seminal paper [4]. The adi-
abatic modes and consistency relation can be extended to include the gradient expansions.
Maldacena’s original consistency relation has been generalized to the conformal consistency
relation in [6] and to an infinite set of Ward identities in [7].
2.1 Weinberg’s Adiabatic modes
We start with the construction of Weinberg’s adiabatic modes in the Newtonian gauge
which is essential for the derivation of the consistency relations. Fixing the gauge, uniquely
specifies all the modes with finite momentum, k 6= 0. However, there are residual gauge
symmetries for the very long-wavelength modes, which remain a symmetry of the gauge-
fixed action. Starting with the flat FRW metric as the unperturbed metric
ds2 = −dt2 + a2dx2, (2.1)
here we focus on the implications of the diffeomorphism invariance on the nature of the very
long-wavelength modes with k/H  1. Therefore, only the homogeneous diffeomorphisms
are relevant. The general spatially homogeneous perturbed metric in the Newtonian gauge
is
ds2 = −(1 + 2Φ(t))dt2 + a2
(
(1− 2Ψ(t))δij + γij(t)
)
dxidxj , (2.2)
where Φ and Ψ are the Bardeen potentials and γij is the traceless tensor perturbation,
gravity wave. 5 One can decompose the general spatially homogeneous perturbed energy-
5Here we neglect the vector perturbations due to their damping nature in most of the inflationary models
including our axion-gauge field model.
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momentum in the Newtonian gauge as
T00 = −ρ¯g00 + δρ(t) and T0i = −(ρ¯+ P¯ )∂iδu(t), (2.3a)
Tij = P¯ (t)gij(t) + a
2
(
δijδP (t) + ∂
2
ijpi
S(t) + piTij(t)
)
, (2.3b)
where a bar denotes an unperturbed quantity, δρ, δP and δu are the perturbed density,
pressure and velocity potential respectively. Moreover, piS and piTij are the scalar and tensor
anisotropic inertia which characterize departures of Tµν from the perfect fluid form. 6
Under the action of diffeomorphism transformations
xµ 7→ x˜µ = xµ + µ(t,x), (2.4)
there is a µ which generates spatially homogeneous transformations on the metric and
preserve the Newtonian gauge [11]
0(t,x) = −f(t)− χ(x), (2.5a)
i(t,x) = (θδij + σij)xj − ∂iχ(x)
∫
dt
a2(t)
, (2.5b)
where θ is a constant scalar and σij is a constant, traceless and symmetric matrix7, σii = 0.
Therefore, choosing the Newtonian gauge, we are still left with residual gauge symmetries
for the zero wavenumber modes. These diffeomorphisms do not vanish at spatial infinity
and therefore are called large gauge transformations. The scalar functions f(t), χ(t) and θ
act only on the scalar perturbations
Φ(t) 7→ Φ(t) + f˙(t) and Ψ(t) 7→ Ψ(t) + θ −Hf(t), (2.6)
while keep the tensor perturbations untouched. On the other hand, σij acts only on the
gravitational waves as
γij(t) 7→ γij(t)− 2σij . (2.7)
Therefore, if Φ(t), Ψ(t) and γij(t) are solutions of the spatially homogeneous Einstein equa-
tions, their transformed quantities and their differences are also the spatially homogeneous
solutions. In particular, in the scalar sector, we have spatially homogeneous solutions of
the form
ΦA(t) = −f˙(t) and ΨA(t) = Hf(t)− θ, (2.8)
which corresponds to a cosmic fluid given as
δρA(t) = − ˙¯ρf(t), δPA(t) = − ˙¯Pf(t), δuA(t) = f(t), (2.9)
6It is interesting to note that in the decomposition (2.3b), the effects of bulk viscosity are included in
δp [5].
7In general, i(t,x) can have a constant term i0 as well as a term like ωijxj where ωij = −ωji. Here, how-
ever, we ignored them because (due to the spatial translational and rotational symmetry of the background
metric) they do not have any effects on the linear perturbed metric.
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with a vanishing scalar anisotropy
piSA(t) = 0. (2.10)
That leads to a constant comoving curvature (R ≡ −Ψ +Hδu) and curvature perturbation
(ζ ≡ −Ψ−Hδρ/ ˙¯ρ)
RA(t) = ζA(t) = θ. (2.11)
There is also a spatially homogeneous solution in the tensor sector as
γAij(t) = 2σij , (2.12)
with a vanishing tensor anisotropic inertia
piTAij (t) = 0. (2.13)
Up to now, the solutions (2.8) and (2.12) are only gauge degrees of freedoms for the k = 0
mode and the Weinberg’s theorem relates them to the physical modes. The essential step
in Weinberg’s theorem is as follows. In case that the anisotropic inertia piij(t,k) and the
entropy perturbations, ˙¯ρδP−
˙¯Pδρ
3(ρ¯+P¯ )2
, vanish in the limit k/H  1, the spatially homogeneous
solutions are extendible to modes with k 6= 0. Since solutions with non-zero wavenumbers
have no residual gauge symmetry in the Newtonian gauge, these modes are physical. When
solving the linearized Einstein equations, there are two scalar and two tensor physical
solutions which are constant at k/H  1 (eq.s (2.11) and (2.12)), called adiabatic solutions.8
One immediate consequence of this theorem is that these modes freeze out at horizon
crossing and become indistinguishable from a redefinition of the background metric
g¯µν(t) + δg
A
µν(t) = ¯˜gµν(x˜), (2.14)
which implies
δgAµν(t) = −Lg¯µν(t), (2.15)
where L denotes the Lie derivative with respect to µ.
2.2 Maldacena’s consistency relations
Now, we turn to the consistency relations which is a powerful probe of the early universe
physics and holds under very general conditions, i.e. when the long-wavelength mode
is adiabatic. Therefore, assuming Banch-Davis initial condition, the scalar consistency
relation only hold for single clock inflationary models in which the entropy perturbation
is zero. However, gravity waves consistency relations hold for more general inflationary
models. More precisely, assuming Banch-Davis initial condition, only models in which
piTij 6= 0 at super-horizon scales can violate tensor consistency relations, e.g. solid inflation
[17] and anisotropic inflation [18]. As shown in [16], such inflationary models violate the
cosmic no-hair conjecture.
8This solution leads to equal values of δρx/ρ¯x for all individual elements in the cosmic fluid which
explains the name adiabatic.
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Since the tensor modes are the main focus of this work, here we present the consistency
relation for the gravity waves. The scalar consistency relation is the same and one only needs
to replace γAij with the (adiabatic) curvature perturbation ζA. The key physical point behind
the consistency relations is the observation that the adiabatic long-wavelength modes can
be removed by the local coordinate transformation of the background metric, i.e. (2.15).
Hence, they act as a classical background for the short wavelength modes, which freeze out
much later than the long mode. In particular, an n-point correlation function of the short
modes can be written as
〈ζ(x1)ζ(x2) · · · ζ(xn)〉γAij(x) = 〈ζ(x˜1)ζ(x˜2) · · · ζ(x˜n)〉, (2.16)
which Taylor expanding RHS around xi, we find the change of the short distance n-point
correlation function as
δ〈ζ(x˜1)ζ(x˜2) · · · ζ(x˜n)〉 =
n∑
I=1
δ~xI.~∇I〈ζ(x1)ζ(x2) · · · ζ(xn)〉+ · · · , (2.17)
where xi and x˜i are related as
x˜i = xi +
1
2
γAijx
j . (2.18)
As a result, the (n+1)-point correlation function including the long-wavelength mode is
given as
〈γAij(x)ζ(x1)ζ(x2) · · · ζ(xn)〉 '
1
2
〈
γAij(x)γ
A
kl(x)
n∑
I=1
xkI ∂l〈ζ(x1)ζ(x2) · · · ζ(xn)〉
〉
, (2.19)
in which we only keep the dominate term that has the relevant contribution. The above
equality is the consistency relation in real space. Going to the Fourier space, we can expand
γij(q) as
γij(q) =
∑
λ=±
γλ(q)eij(qˆ, λ), (2.20)
where eij(qˆ, λ) are the time-independent polarization tensors, eij(qˆ, λ)e∗ij(qˆ, λ˜) = 2δ
λλ˜, in
which λ = ± corresponding to the ±2 helicity states. Moreover, the two-point function at
late time is given as
〈γλ(q)γλ′(q˜)〉 = (2pi)3δ(3)(q + q˜)P vacγ (q)δλλ
′
, (2.21)
in which
P vacγ (q) = q
−3
(
H2
M2pl
)
, (2.22)
is the power-spectrum. Then using the above and neglecting the gradients, we arrive at the
Maldacena’s consistency relation
〈γλ(q)ζk1ζk2 · · · ζkn〉′ ' −
1
2
P vacγ (q)
n∑
I=1
eij(qˆ, λ)kIi∂kIj 〈ζk1ζk2 · · · ζkn〉′ for q → 0, (2.23)
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where the prime in 〈· · · 〉 indicates that we extracted the prefactor (2pi)3δ(3)(q + ∑nI kI)
associated to momentum conservation. Note that the above result follows directly from the
fact that adiabatic long-wavelength gravity wave is equivalent to a change of coordinate for
the short wavelength mode, regardless of the super-horizon behavior of the short modes.
Therefore, as far as our inflationary system generates adiabatic tensor perturbations the
above consistency relation holds.
3 Axion-gauge field inflationary setup
We consider a generic axion-driven inflation model with a gauge field sector, both minimally
coupled to Einstein gravity
Linf = R
2
− 1
2
∂µϕ∂
µϕ− V (ϕ) + LA(Aaµ, gµν , ϕ) , (3.1)
where ϕ is the axion field, V (ϕ) is the axion potential and LA is the gauge field sector. For
the purpose of this work and in order to be as model-independent as possible, V (ϕ) is an
arbitrary potential that is able to support the slow-roll inflation. The inflaton then couples
directly to the Pontryagin density of a non-Abelian gauge field as
LA(Aaµ, gµν , ϕ) = −
1
4
(
F aµνF
µν
a +
λ
f
ϕ F aµνF˜
µν
a
)
, (3.2)
where λ is a dimensionless parameter, f is the axion decay constant and F˜ aµν = 12
µνλσF aλσ.
The action (3.1) with the standard cosine potential and λf ∼ O(103) is the chromo-natural
inflation [23, 25]. The action with the arbitrary potential and λf ∼ O(10) has been studied
in [26].
The field strength tensor is
F aµν = ∂µA
a
ν − ∂µAaν + gabcAbµAcν , (3.3)
where g is the gauge field coupling constant. In the flat FLRW metric
ds2 = −dt2 + a(t)2δijdxidxj , (3.4)
and after choosing the temporal gauge for the gauge field (A0 = 0), we have the following
isotropic and homogeneous field configuration
Aa0Ta = 0 and A
a
µ(t)Ta = ψ(t)e¯
a
µTa, (3.5)
where {e¯αµ} is tetrad field of FRW metric (with e¯a0 = 0) satisfying
gµν = e
α
µe
β
νηαβ, (3.6)
and Ta are the generators of the SU(2) group
[Ta, Tb] = i
abcTc and Tr(TaTb) =
1
2
δab. (3.7)
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Here α, β = 0, 1, 2, 3, a = 1, 2, 3 and ηαβ is the Minkowski metric. For the FRW metric,
{eαµ} are specified as
e¯0µ = n¯µ and e¯
a
µ = a(t)δ
a
µ, (3.8)
where n¯µ = (1, 0, 0, 0) is the 4-velocity of the comoving observer. Note that the effective
field value of the gauge field ψ in (3.5) is a pseudo-scalar under parity.
The field equations of the unperturbed ϕ and ψ are
ϕ¨+ 3Hϕ˙+ Vϕ = −3λg
f
ψ2(ψ˙ +Hψ) , (3.9a)
ψ¨ + 3Hψ˙ + (2H2 + H˙)ψ + 2g2ψ3 =
λg
f
ψ2ϕ˙ , (3.9b)
which are coupled by the Pontryagin density of the gauge field. For later convenience, we
introduce two dimensionless parameters
ξ ≡ λϕ˙
2fH
and ξψ ≡ gψ
H
. (3.10)
It was showed in [26] that a successful inflation in agreement with the current CMB data
requires that ψ . 10−2,
√
2 . ξψ < 3 and for a GUT scale inflation with H ∼ 10−6Mpl and
f ' 0.1Mpl, we have g ∼ 10−4 and λ ∼ 1.
3.1 Geometry of perturbed gauge field
The metric and SU(2) gauge field are perturbed around their homogeneous and isotropic
background configurations (Eqn. (3.5)) as
δgµν(t,x) = g¯µν(t) + δgµν(t,x) and Aaµ(t,x) = ψ(t)e¯
a
µ(t) + δA
a
µ(t,x), (3.11)
where the bar denotes the unperturbed quantity and δAaµ involves 3×4 components. There-
fore, the 12 gauge field perturbations together with the 10 components of the perturbed
metric, add up to 22 degrees of freedom. Due to the gauge transformations, not all of that
metric and field perturbations are gauge invariant. In particular, we have two types of
gauge freedoms: we call them “xµ-gauge” and “Aa-gauge”.
Space-time gauge transformations (xµ-gauge):
Consider a space-time coordinate transformation of the form
xµ 7→ x˜µ = xµ + µ(t,x), (3.12)
where µ is small in the sense that it leads to small perturbations in gµν and Tµν . Under
the above coordinate transformation, the metric tensor and gauge field vector transform as
g˜µν(x˜) = gαβ(x)
∂xα
∂x˜µ
∂xβ
∂x˜ν
and A˜aµ(x˜) = A
a
α(x)
∂xα
∂x˜µ
. (3.13)
For our purpose, it is more convenient to work with gauge transformations instead, so-
called xµ-gauge, which only acts on perturbations while keeps the unperturbed quantities
– 9 –
untouched. Under the action of that gauge transformation, the first order perturbed metric
and fields are as follows
δgµν 7→ δgµν − Lgµν = δgµν − δt ˙¯gµν − 2g¯λ(ν∂µ)δxλ, (3.14a)
δAaµ 7→ δAaµ − LAaµ = δAaµ − ψ˙e¯aµδt− ψLeaµ, (3.14b)
where L is the Lie derivative with respect to µ. Moreover, the orthonormal tetrad {eαµ}
transforms as
δeαµ 7→ δeαµ − Leαµ. (3.15)
We realize that the space-time gauge transformations affect the perturbed gauge field and
generates a term in δAaµ which transforms like ψδeaµ. We call this geometry induced term
δxA
a
µ which is 9
δxA
a
µ = ψ(t)δe
a
µ, (3.16)
and we label the rest of δAaµ which is invariant under xµ-gauge, δgAaµ. In other words, we
can decompose δAaµ as
δAaµ = δxA
a
µ + δgA
a
µ, (3.17)
where δgAaµ is the genuine gauge field fluctuation which only changes under internal gauge
field transformation.
Internal gauge transformations (Aa-gauge):
Under the action of a an element U of SU(2) near the unit element
U(λa) = exp(−λa(t,x)Ta), (3.18)
in which λa is the infinitesimal gauge transformation parameter, the genuine part of the
gauge field transforms as
δgA
a
µ 7→ δgAaµ +
1
g
(Dµλ)
a, (3.19)
where Dµ = ∂µ − igAaµTa is the covariant derivative. Note that δxAaµ which is induced
by the geometry is invariant under the gauge field SU(2) transformations. We call the
infinitesimal internal gauge field transformation Aa-gauge.
Using (3.17), we can decompose the 12 independent components in δAaµ as below
δAai = aδ
a
i δψ + δ
aj
(
∂ijZ˜ + a∂ivj + aγ˜ij
)
+ aψa ji
(
g∂j(Z˜ − Z) + awj
)
+ ψδeai, (3.20a)
δAa0 = δ
k
a∂kY + aδ
j
auj + ψδe
a
0, (3.20b)
where {δψ, Y, Z˜, Z} parametrize scalar perturbations, {ui, vi, wi} are divergence-free vector
perturbations and γ˜ij is the symmetric, traceless and divergence-free tensor fluctuation. The
explicit form of the δeaµ in the above which induced by space-time geometry is presented
in (A.4). The fields {δψ, Y, Z˜, Z, ui, vi, wi, γ˜ij} are invariant under the action of space-time
gauge transformation and therefore, the genuine gauge field fluctuations. However, under
9Notice that we dropped the slow-roll suppressed term ψ˙e¯aµδt ( ψ˙Hψ . ).
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the SU(2) gauge transformations, they transform like (3.19). The gauge transformation
parameter λa(t,x) can be decomposed as
λa = δai∂iλ+ δ
a
i λ
i
V ,
in which λ is the scalar and λVi is the divergence-free vector part. Therefore, among these
12 independent components, one scalar, and one vector mode are gauge degrees of freedom.
In appendix A, we remove the remaining 3 gauge degrees of freedom and construct the
gauge-invariant combinations coming from δAaµ. As we will show in the next section, the
spin-2 perturbation γ˜ij , is invariant under both xµ-gauge and Aa-gauge transformations.
4 Tensor modes, implications of diffeomorphism invariance
In this work, we are interested in the behavior of tensor modes in the presence of the non-
Abelian gauge fields. Therefore, in the following, we focus on the tensor fluctuations of the
perturbed metric and gauge field. For the thorough study of cosmic perturbations in these
models, we refer the interested reader to [26].
As we showed in the previous section, δAai(t,x) is not diffeomorphism invariant, but
δgA
a
i(t,x). For instance, under the action of a large, anisotropic transformation of the form
xi → x˜i = xi + σijxj , (4.1)
where σij is a traceless, the tensor perturbations of the metric and gauge field transform as
(see (3.14))
γij(t,x) 7→ γij(t,x)− 2σij , (4.2)
δTA
a
i(t,x) 7→ δTAai(t,x)− ψδajσij , (4.3)
where δT denotes tensor perturbations. Using the decomposition in (3.20a), However, we
find that the genuine tensor perturbation of the gauge field is invariant under this diffeo-
morphism
γ˜ij(t,x) 7→ γ˜ij(t,x). (4.4)
Therefore the canonically normalized field corresponding to the γ˜ij field (and not δTA
a
i ) is
an independent degree of freedom which should be quantized10.
Recalling that γij appears only with derivatives in the quadratic perturbed Einstein-
Hilbert action, we find that its contribution to the action and the field equation of γij
are both invariant under the transformation (4.2). On the other hand, it may seem that
γij can appear without any derivatives in the Yang-Mills terms, e.g. in F¯ aijF¯
a
klγ
ikγjl and
F¯ a0iδTF
a
0jγ
ij . That is not the case, however. As we will show in 4.1, these terms are
canceled by the metric induced part in the gauge field, ψδTe
a
i. In other words, having a
diffeomorphism and gauge invariant theory (3.1), the gravitational wave γij can only appear
with a derivative. Therefore, both the second order action and the field equation of γij are
invariant under the diffeomorphism (4.2). In fact, the diffeomorphism invariance in our
theory forbids the existence of an effective mass term for the graviton.
10Note that our canonically normalized field is different from ref.s [25, 27, 32], in which δTA
a
i has been
quantized.
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4.1 Field equations
Considering the symmetric, traceless and divergence-free fluctuations, the perturbed metric
is
δTgij = a
2eγij and δTg0i = δTg00 = 0, (4.5)
where γii = ∂jγij = 0, while using (3.20), the perturbed gauge field is
δTA
a
i = aδ
aj
(
γ˜ij +
ψ
2
[γij +
1
2
γikγkj ]
)
and δTA
a
0 = 0. (4.6)
The perturbed energy-momentum tensor has the following tensor part
δTTij = P¯ δTgij(t,x) + a
2piTij(t,x), (4.7)
where piTij is the traceless transverse part of the anisotropic stress given as
piTij = Hψ
(
(2ξψξ − 1)Hγ˜ij − ˙˜γij − ξψa−1ilk∂lγ˜jk
)
. (4.8)
The non-vanishing piTij modifies the field equation of γij
γ¨ij + 3Hγ˙ij − a−2∂2γij = 2piTij . (4.9)
The field equation of γ˜ij is given by the second order action of the tensor modes. Here we
have the final equation and the details are presented in B
¨˜γij + 3H ˙˜γij − a−2∂2γ˜ij + 2(1 + ξξψ − 1
2
)H2γ˜ij − 2(ξ + ξψ)Ha−1ilk∂lγ˜jk ' 0. (4.10)
Here, we summarize the noteworthy features of the tensor field equations (4.9) and
(4.10).
1. The gravitational wave, γij , only appears with (at least) a derivative acting on it11.
Therefore, similar to the inflationary models with no tensor sources, there is a shift
symmetry for the γij . The action’s invariance under (4.1) is the direct consequence
of diffeomorphism invariance of our theory.
2. The tensor sector has four dynamical degrees of freedom, two for each of γij and γ˜ij .
3. A constant γij and γ˜ij = 0 (with piTij = 0) is a solution of the field equations.
4. Comparing to the usual (scalar) inflationary models the field equation of γij is modi-
fied by a nonvanishing anisotropic inertia which is a function of γ˜ij .
5. In both piTij and field equation of γ˜ij in (4.10) there are parity odd terms which take
different signs for the two polarizations of the tensor modes, leading to the existence
of intrinsic chiral gravitons.
11Note that considering δTA
a
i as the canonically normalized field (and not the gauge invariant aγ˜ij) leads
to some effective mass terms for the graviton which breaks the diffeomorphism invariance (See e.g. [32]).
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6. The spin-2 fluctuation, γ˜ij , has a positive mass equal to 2(1 + ξξψ)H2. Thus, it is a
massive field and exponentially damps after horizon crossing.
In the following, we present the solutions of the tensor perturbations, including the
gravitational waves and the spin-2 perturbations of the gauge field. We first focus on the
solution of the gauge field’s spin-2 perturbation, γ˜ij . Next, we turn to the gravitational
waves, γij , and present its homogeneous part and inhomogeneous solution sourced by the
gauge field.
4.2 Spin-2 fluctuations of gauge field
In Fourier space, the spin-2 fluctuation of the gauge field, γ˜ij , can be expanded in helicity
basis as
γ˜ij(τ,x) =
∑
λ=±
∫
d3k
(2pi)3
[
γ˜λ(τ,k)bˆ(k, λ)eij(kˆ, λ)eik.x+γ˜∗λ(τ,k)bˆ
†(k, λ)e∗ij(kˆ, λ)e
−ik.x
]
,
(4.11)
where eij(kˆ, λ) are the time-independent polarization tensors satisfying the conditions
eij(kˆ, λ)e∗ij(kˆ, λ˜) = 2δ
λλ˜, (4.12a)
ilkkˆlejk(kˆ,±) = ±ieij(kˆ,±), (4.12b)
in which λ = ± corresponding to the ±2 helicity states. Moreover, for a k in the z-direction,
the polarization tensors have components
e11(zˆ,±) = −e22(zˆ,±) = 1√
2
, e12(zˆ,±) = e21(zˆ,±) = ±i√
2
and ei3(zˆ,±) = e3i(zˆ,±) = 0.
(4.13)
The creation and annihilation operators satisfy the standard commutation relations
[bˆk,λ, bˆ
†
k′,λ˜
] = (2pi)3δλλ˜δ
(3)(k− k′) and [bˆk,λ, bˆk′,λ˜] = [b†k,λ, b†k′,λ˜] = 0. (4.14)
For later convenience, here we define h˜±(τ,k) as
h˜±(τ,k) ≡
√
2a
(2pi)
3
2
γ˜±(τ,k), (4.15)
which is the canonically normalized field corresponding to γ˜±. In terms of h˜± and re-
definitions below
z = 2ikτ, κ± = ∓i
(
ξ + ξψ
)
and µ2 =
1
4
− 2ξξψ, (4.16)
and after using the slow-roll relation H ' − (1+)τ , we can write the field equation (4.10) as
∂2z h˜±(k, τ) + (−
1
4
+
κ±
z
+
1/4− µ2
z2
)h˜±(k, τ) ' 0. (4.17)
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The most general solutions of the above equation are Whittaker functions, Wκ,µ(z) and
Mκ,µ(z). Recalling that in the asymptotic past, the Wκ,µ(2ikτ) represents the positive
frequency solution12 and imposing the usual Banch-Davis initial condition, we have
h˜±(k, τ) =
eipiκ±/2√
2k
Wκ±,µ(2ikτ), (4.18)
in which we neglect a phase term. At large scales, −kτ  1, we have h˜±(k, τ) ∝ τ 12±µ where
µ (which is given in (4.16)) is an imaginary quantity.13 As a result, the spin-2 perturbation
of the gauge field rapidly damps after horizon crossing. From the above, we can recognize
three distinct regions in the evolution of h˜±(k, τ):
1. In the deep inside horizon limit, −kτ  1, we have h˜±(k, τ) ' 1√2ke−ikτ .
2. For a short interwal before and at the visitinty of the horizon crossing, the effective
frequency of one of the polarization states in (4.17) becomes negative which leads to
its temporary tachyonic growth.
3. These modes have a positive mass term and at super horizon scales,−kτ  1 , we have
h˜λ(k, τ) ∝ a− 12±µ. In fact, the spin-2 perturbations of the gauge field, γ˜λ, are heavy
fields with a mass term given as m2γ˜/H
2 = 2(1+ξξψ). Therefore, its both polarization
states decay with the same rate and oscillate, scaling as γ˜λ ∝ a−
3
2
±
√
2ξξψ− 14 .
4.3 Graviton
In this part, we compute the solution for the graviton which is now interacting with the
spin-2 fluctuations of the gauge field. It is useful to decompose γij as
γij(τ,x) = γGij (τ,x) + γ
S
ij(τ,x), (4.19)
where γGij and γ
S
ij are the homogeneous and the particular parts of the solution respectively.
i) Homogeneous solution: In Fourier space, we can expand the graviton in the helicity
basis as
γGij (τ,x) =
∑
λ=±
∫
d3k
(2pi)3
[
γGλ (τ,k)aˆ(k, λ)eij(kˆ, λ)e
ik.x + γG∗λ (τ,k)aˆ
†(k, λ)e∗ij(kˆ, λ)e
−ik.x
]
,
where aˆ† and aˆ are the creation and annihilation operators of the graviton respectively. It
is useful to define h±(τ,k) as
hG±(τ,k) ≡
1√
2(2pi)
3
2
aγG±(τ,k), (4.21)
12For | z |→ ∞, the asymptotic from of the Whittaker functions are
Wκ,µ(z)→ zκe−z/2, Mκ,µ(z)→ Γ(2µ+ 1)
( i(−1)µ−κzκe−z/2
Γ(−κ+ µ+ 1
2
)
+
z−κez/2
Γ(−κ+ µ+ 1
2
)
)
for | arg z |< 3
2
pi.
13For z → 0, the asymptotic from of the Wκ,µ function is Wκ,µ(z) → (1 + i)√z
( (2i)µΓ(−2µ)zµ
Γ( 1
2
−κ−µ) +
(2i)−µΓ(2µ)z−µ
Γ( 1
2
−κ+µ)
)
.
– 14 –
which is the canonically normalized field corresponding to γ±. Using (4.9), we find that the
homogeneous part, hG
R,L
, satisfies in
hG
′′
± + (k
2 − (2− )H2)hG± = 0, (4.22)
which is the same for both of the polarizations. The above equation indicates that h±(τ,k)
is unpolarized, i.e. we have
h(τ,k) ≡ e∓ipi/4hG±(τ,k), (4.23)
and has the field equation of a massless scalar field, similar to the standard scalar-inflation
models. The initial condition of h(τ,k) is set by the Banch-Davis condition,14 i.e. h(τ,k)h∗′(τ,k)−
h′(τ,k)h∗(τ,k) = i. As a result, we find the wave function of the general solution as
h(τ,k) '
√−piτ
2
ei(1+2ν)pi/4H
(1)
ν (−kτ), (4.24)
where ν ' 32 +  and H
(1)
ν is the Hankel function of the first kind. Using the asymptotic
form of the Hankel function for kτ → 0,15 and Γ(3/2) = √pi/2, we can find that hG(τ, k) '
ik−ν(−τ)−ν+ 12 . That indicates that after horizon crossing, the general solution of the
gravitational wave, γG(τ, k), goes rapidly to a constant. In particular, on the large scales
(kτ  1) we have
e∓ipi/4k
3
2γG±(τ, k) ' (2pi)
3
2 iHk−, (4.25)
in which we used the slow-roll relation a ' (−τ)−(1+)/H. Using the relation
γ± ≡ 1√
2
(γ11 ± iγ12), (4.26)
we can write γGij as γ
G
11(τ, k) = γ
G
12(τ, k), and γG11(τ, k) = −γG22(τ, k).
ii) Inhomogeneous solution: The inhomogeneous solution for the gravitational waves
is sourced by the spin-2 perturbations of the gauge field given in (4.18). Hence it can be
expanded in terms of bλ and b
†
λ as
γSij(τ,x) =
∑
λ=±
∫
d3k
(2pi)3
[
γSλ (τ,k)bˆ(k, λ)eij(kˆ, λ)e
ik.x + γS∗λ (τ,k)bˆ
†(k, λ)e∗ij(kˆ, λ)e
−ik.x
]
,
The inhomogeneous wave function in term of
hS±(τ,k) ≡
1√
2(2pi)
3
2
aγS±(τ,k), (4.28)
can be written as
hS±(τ, k) =
∫ τ
−∞
G(τ, τ ′)S±(τ ′, k)dτ ′, (4.29)
14It is noteworthy to mention that the interaction terms between the graviton and the spin-2 field of the
gauge field are negligible in the asymtotic past limit, kτ → −∞.
15The asymptotic form of the Hankel function of the first kind for kτ → 0 is given as H(1)ν (−kτ) →
−i
pi
Γ(ν)
(− kτ
2
)−ν .
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where G(τ, τ ′) is the retarded Green’s function of Eqn. (4.22), which in terms of h(τ,k) in
(4.24) can be written as
G(τ, τ ′) =
h(τ,k)h∗(τ ′,k)− h(τ ′,k)h∗(τ,k)
W
(
h, h∗
) Θ(τ ′ − τ), (4.30)
where W(h,h∗) is the Wronskian of h and h∗, W(h,h∗) = i, while Θ(τ − τ ′) is the Heaviside
step function. Moreover, inserting (4.18) in (4.8), we have the explicit form of the source
as
S±(k, τ) ' e±ipi/4
(
ρ¯YM
ρ¯
)1
2 e±(ξ+ξψ)
pi
2√
k(1 + ξ2ψ)
H
(
− ∂τ + ξψ(2ξH∓ k)
)
Wκ±,µ(2ikτ), (4.31)
which is weighted by the ratio of the energy of the gauge field to the total energy as
(
ρ¯
YM
ρ¯ )
1
2 . It is interesting to notice that S± is proportional to e±(ξ+ξψ)
pi
2 which for ξ ∼ ξψ,
after recalling that during the slow-roll inflation ( ρ¯YMρ¯ )
1
2 ∼ , implies that S− . O() while
S+ ∼ 1. Therefore, we find that hS−(τ, k) is negligible while hS+(τ, k) can be of the same
order as h(τ, k).
In order to find the super-horizon form of hS+(τ, k), one needs to compute the integral
(4.29) in −kτ  1 limit. As implies by (4.25), at very large scales h(τ,k) is a pure imaginary
quantity, i.e. h = −h∗. Therefore, we can write the Green’s function as 16
G(τ, τ ′) =
1√
2k
h(τ, k)
(
cos(kτ ′)− sin(kτ
′)
kτ ′
)
Θ(τ ′ − τ) (|kτ |  1). (4.32)
As we see from the above, in the limit that τ ′ is very small too, we have G(τ, τ ′) '
− i
3
√
2k
h(τ, k)k2τ ′2 and S+(τ ′, k) ∼ 1τ ′2 ×
√−τ ′. As a result, the integrand in (4.29) is
proportional to τ ′
1
2 in the limit that τ ′ ∼ τ  1 which implies that the integral is only
given by its value at the initial time, |τ ′| = |τin|  1. Thus, we can simply write h+(τ, k)
in terms of the wave function h(τ ′, k) and a time-independent coefficient as
hS+(τ, k) '
(
ρ¯YM
ρ¯
)1
2
eipi/4G(ξ, ξψ)h(τ, k), (4.33)
where for ξ ∼ ξψ which we are interested in (
√
2 < ξψ < 3), the coefficient G(ξ, ξψ) is such
that ( ρ¯YMρ¯ )
1
2G(ξ, ξψ) ∼ 1 [26]. 17 Note that the above equation is only a relation between
16Notice that we use the exact de-Sitter solution, hdeS(τ,k) = 1√2k (1 − ikτ )e
−ikτ , for h(τ ′,k) which is
inside the integral. In fact, h(τ ′,k) ' hdeS(τ ′,k) is a very good approximation inside the horizon and the
integrand vanishes at |τ ′|  1 (has the asymptotic form like√−τ ′). Thus, that is a very good approximation
for the Green’s function in the regime of our interest.
17The time-independent coefficient G(ξ, ξψ) is given as
G(ξ, ξψ) = ie
(ξ+ξψ)pi/2
k
√
2(1 + ξ2ψ)
∫
H(τ ′)
(
cos(kτ ′)− sin(kτ
′)
kτ ′
)(
− ∂τ ′ + ξψ(2ξH(τ ′)− k)
)
Wκ+,µ(2ikτ
′)dτ ′
∣∣∣∣
τ ′=τin
,
where τin is the initial conformal time. Recalling that at τ → −∞, the W function is Wκ+,µ(2ikτ) ∝ e−ikτ ,
we find that G(ξ, ξψ) is k-independent too.
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wave functions, while their operators are uncorrelated. Finally, we have the super-horizon
form for the gravitational waves as
e−ipi/4k
3
2γS
+
(τ, k) ' (2pi) 32 iHk−
(
ρ¯YM
ρ¯
)1
2
G(ξ, ξψ) and γS−(τ, k) ' 0, (4.34)
which is a constant and is only non-zero for the state with helicity +2. Using the relation
(4.26), we find γSij as γ
S
11(τ, k) = e
ipi/2γS12(τ, k), and γS11(τ, k) = −γS22(τ, k).
Finally, from the combination of (4.25) and (4.34), we find the two-point function of
γλ at late times as
〈γλ(q)γλ′(q˜)〉 = (2pi)3δ(3)(q + q˜)P λγ (q)δλλ
′
, (4.35)
where using (2.22) and the fact that γG and γS are uncorrelated with each other, we have
P+γ (q) '
(
1 +
ρ¯YM
ρ¯
G2(ξ, ξψ)
)
P vacγ (q) and P
−
γ (q) ' P vacγ (q). (4.36)
As we see, P+γ and P−γ are not equal and we can define the dimensionless chirality factor
as below
X ≡ P
+
γ (q)− P−γ (q)
P vacγ (q)
' ρ¯YM
ρ¯
G2(ξ, ξψ), (4.37)
which indicates that the chirality factor is proportional to ρ¯YMρ¯ e
(ξ+ξψ)pi/2.
5 Soft gravitions and tensor consistency relations
In this section, we focus on the super-horizon behavior of the tensor perturbations in the
axion-gauge field setup and discuss the adiabatic nature of these modes. Finally, we turn
to the tensor consistency relations and investigate the n-point functions in the presence of
a soft graviton with a small momentum.
5.1 Adiabatic modes
Up to now, we find that both polarization states of the spin-2 perturbations of the gauge
field, γ˜ij , damp like a−3/2 shortly after the horizon crossing and thus vanish in the limit
of k/H  1. Therefore the anisotropic stress also damps, i.e. piTij ∝ a−3/2. However,
due to the temporary tachyonic growth of its +2-helicity state, it acts like an impulse
function for the graviton and sources the +2-helicity state of the gravity wave. As a result,
one can decompose the gravity wave into two incoherent parts, γGij and γ
S
ij which are the
homogeneous and the inhomogeneous (sourced by the gauge-field) solutions of the gravity
waves. As we found in section 4.3, both of γGij and γ
S
ij are constant for k/H  1. In
the following, we show that both of these solutions are adiabatic, as we expect from the
damping behavior of piTij at super-horizon scales.
i) Homogeneous solution:
The homogeneous solution of the graviton is unpolarized which in Fourier space and for
q/H  1 limit is a constant given in (4.25). This long-wavelength mode has the following
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form in the real space
γGij (t,x) = c
 cos(qz) cos(qz) 0cos(qz) -cos(qz) 0
0 0 0
 , (5.1)
where c is a constant and we have taken the z-axis in the direction of q. In the limit that
q → 0, we can neglect the gradients and arrive at
γGij (t,x) ' 2σij where σij =
c
2
 1 1 01 -1 0
0 0 0
 . (5.2)
ii) inhomogeneous solution:
In Fourier space and for q/H  1 limit, the polarized inhomogeneous solution of the
graviton is constant (eq. (4.34))
γS
+
(τ, k) = iσ+ and γS−(τ, k) ' 0, (5.3)
where σ+ is a constant in R. The real space form of γSij is
γSij(t,x) = c˜
 cos(qz) sin(qz) 0sin(qz) -cos(qz) 0
0 0 0
 , (5.4)
where c˜ is a constant and again the z-axis is taken in the direction of q. It is interesting to
notice that the above γSij is a circularly polarized standing gravitational wave which adding
it to the FRW metric gives
ds2 = −dt2 + a2(t)
(
δij + γ
S
ij(t,x)
)
dxidxj , (5.5)
which is a Bianchi type VII0 metric (see (C.11)). Thus the inhomogeneous solution of the
graviton is a circularly polarized adiabatic tensor perturbation.
In the limit that q → 0 and after neglecting the gradients, we have
γSij(t,x) ' 2σ˜ij where σ˜ij =
c˜
2
 1 0 00 -1 0
0 0 0
 . (5.6)
To summarize, we showed that the gravitational wave in the presence of the SU(2)
gauge field is an adiabatic mode, given as
γij = γ
G
ij + γ
S
ij .
The homogeneous solution is exactly the solution of tensor perturbations of the standard
scalar inflationary models. The inhomogeneous part which is sourced by the gauge field
is also a constant at super-horizon scales. However, it is polarized and incoherent with
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the homogeneous solution. The total long-wavelength mode, γij(q), is equivalent to the
following coordinate transformation for the shorter modes, ζk and γij(k), which crosses the
horizon much later than it (q/k → 0)
xi → x˜i = xi + δxi where δxi = 1
2
γijx
j . (5.7)
Here we emphasize that our tensor perturbations are the same as the tensor sector in the
gauge-flation [33, 34] and chromo-natural inflation [23, 32]. 18 Hence, the gravity waves in
these models are also described by the above adiabatic modes. 19 It is shown in [22, 35]
that these models satisfy the cosmic no-hair conjecture and the initial anisotropies damp
out exponentially in a few e-folds. That is in agreement with the adiabatic nature of the
gravity waves and exponential decay of the tensor anisotropic stress at very large scales
which are necessary for the cosmic no-hair conjecture to hold.
5.2 Consistency relations for gravitational waves
The adiabatic nature of the gravity waves implies that the change of the short distance
n-point correlation function in the presence of γ is
δγ〈ζ(x˜1)ζ(x˜2) · · · ζ(x˜n)〉 =
n∑
I=1
δ~xI.~∇I〈ζ(x1)ζ(x2) · · · ζ(xn)〉+ · · · , (5.8)
which neglecting the gradients of the long-wavelength mode gives
δγ〈ζ(x˜1)ζ(x˜2) · · · ζ(x˜n)〉q→0 ' −1
2
n∏
I=1
∫
eikI.xI
d3kI
(2pi)3
n∑
J=1
γij(q)kJi∂kJj 〈ζk1ζk2 · · · ζkn〉.
(5.9)
Therefore, the (n+1)-point correlation function including the long-wavelength mode is
〈γij(x)ζ(x˜1)ζ(x˜2) · · · ζ(x˜n)〉q→0 '
−1
2
∫
eiq.x
d3q
(2pi)3
n∏
I=1
∫
eikI.xI
d3kI
(2pi)3
n∑
J=1
〈
γij(−q)γmn(q)kJm∂kJn〈ζk1ζk2 · · · ζkn〉
〉
,
where using (4.35), we can write the expectation value as∑
λ,λ′=±
eij(−qˆ, λ)emn(qˆ, λ′)
〈
γλ(−q)γλ′(q)kJm∂kJn〈ζk1ζk2 · · · ζkn〉
〉
= (2pi)3
∑
λ=±
eij(−qˆ, λ)δ(3)(0)P λγ (q)emn(qˆ, λ)kJm∂kJn〈ζk1ζk2 · · · ζkn〉. (5.10)
Finally, we find
〈γλ(q)ζk1ζk2 · · · ζkn〉′ ' −P λγ (q)
n∑
I=1
ij(qˆ, λ)kIi∂kIj 〈ζk1ζk2 · · · ζkn〉′ for q → 0, (5.11)
18As it has been shown explicitly in ref. [1], the linear tensor and vector perturbations are exactly the
same in the gauge-flation and chromo-natural inflation models.
19Notice that our result is different from the statement of ref. [21] on the nature of gravity waves in these
models.
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which is different for each polarization state of the gravitational wave, i.e.
〈γ+(q)ζk1ζk2 · · · ζkn〉′q→0 ' −
(
1 +
ρ¯YM
ρ¯
G2(ξ, ξψ)
)
P vacγ (q)
n∑
I=1
ij(qˆ,+)kIi∂kIj 〈ζk1ζk2 · · · ζkn〉′,
〈γ−(q)ζk1ζk2 · · · ζkn〉′q→0 ' −P vacγ (q)
n∑
I=1
ij(qˆ,−)kIi∂kIj 〈ζk1ζk2 · · · ζkn〉′.
To summarize, due to the adiabatic nature of long-wavelength gravitational waves, a system
of short modes with and without the long mode are related by an anisotropic change of
coordinate of the form (5.7). Since the long-wavelength mode in the presence of the SU(2)
gauge field is polarized, such inflationary models satisfy in a polarized version of Maldacena’s
consistency relation as (5.11). In fact, we have
〈γ+(q)ζk1ζk2 · · · ζkn〉′ − 〈γ−(q)ζk1ζk2 · · · ζkn〉′
〈γ−(q)ζk1ζk2 · · · ζkn〉′
|q→0 ∼ ρ¯YM
ρ¯
G2(ξ, ξψ), (5.12)
which is of the same order of the chirality factor in the power spectrum. In fact, regardless
of the value of n, the dimensionless chirality factor above is of the order of ρ¯YMρ¯ G2(ξ, ξψ).
The chiral n-point functions provides a robust observational feature for the presence of the
primordial gauge fields.
6 Conclusion
In this work, we studied the long wavelength tensor modes, adiabatic nature of the gravity
waves and tensor consistency relation in the axion-gauge field inflationary models in which
the graviton, γij , is coupled to the spin-2 perturbation of the SU(2) gauge field, γ˜ij . The
tensor perturbation of the gauge field produces an anisotropic inertia for the graviton which
damps like a−3/2 shortly after the horizon crossing. Thus, as one may expect from the Wein-
berg’s theorem, and we showed explicitly here, the gravity waves are adiabatic and become
constant for kτ  1. Its homogeneous part of the solution is equal to the prediction of the
standard scalar inflationary models for γij . On the other hand, the inhomogeneous part of
the gravity wave is polarized, incoherent from the homogeneous part and proportional to
ρ¯
YM
ρ¯ . Therefore, the total gravity wave is partially polarized. It is interesting to mention
that for kτ  1, the inhomogeneous solution of γij , which is time-independent, can be de-
scribed as a Bianchi type VII0 space-time, at all gradient expansion order. Since the tensor
perturbations in our setup, gauge-flation, and chromo-natural inflation are the same, our
arguments are correct for those models as well. Besides, we expect that our general results
are correct for any covariant axion-gauge field setup as far as the spin-2 fluctuation of the
gauge field is massive, i.e. m2γ˜ >
9H2
4 .
Due to the adiabatic nature of long-wavelength gravity waves in the axion-gauge
field setup, a system of short modes with and without the long mode are related by an
anisotropic change of spatial coordinate. Since the long-wavelength mode in the presence
of the SU(2) gauge field is polarized, such inflationary models satisfy in a polarized ver-
sion of Maldacena’s consistency relation. In particular, defining a chirality factor given as
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〈γ+(q)ζk1ζk2 ···ζkn 〉−〈γ−(q)ζk1ζk2 ···ζkn 〉
〈γ−(q)ζk1ζk2 ···ζkn 〉
|q→0, we find it proportional to ρ¯YMρ¯ G2(ξ, ξψ). In fact, the
parity violation of the (n+1)-point functions including the soft graviton is of the same order
as the chirality factor of the power spectrum of γij . For typical values that used in [26], i.e.
ξ, ξψ ∼ 1 and ρ¯YMρ¯ . 2, this quantity can be of the order of 0.1 − 1. We emphasize that
the scalar perturbations in the presence of the SU(2) gauge fields are more complicated.
In particular, the curvature perturbation is not adiabatic, and have a slow-roll suppressed
entropy perturbation [26, 27]. Therefore, the scalar (n + 1)-point functions in these se-
tups violate Maldacena’s consistency relation which we leave for future work. The chiral
(n + 1)-point functions with a soft graviton provide a robust observational feature for the
contribution of the primordial non-Abelian gauge fields in the physics of the early universe,
which can be tested by the future ambitious CMB and LSS observations.
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A Gauge-invariant Combinations
In this appendix, for self-completeness, we present the gauge-invariant combinations which
can be constructed from an SU(2) gauge field. Here with a slightly different parametrization,
we essentially follow the approach presented in [26]. In section 3.1, we showed that the first
order δAaµ(t,x) can be decomposed into a space-time induced term, δxAaµ = ψδeaµ, and
the genuine gauge field fluctuations with 12 components, δgAaµ, as
δAaµ(t,x) = δgA
a
µ(t,x) + ψδe
a
µ(t,x). (A.1)
Thus, δAaµ(t,x) can be decomposed as
δAai = aδ
a
i δψ + δ
aj
(
∂ijZ˜ + a∂ivj + aγ˜ij
)
+ aψa ji
(
g∂j(Z˜ − Z) + awj
)
+ ψδeai, (A.2a)
δAa0 = δ
k
a∂kY + aδ
j
auj + ψδe
a
0, (A.2b)
in which {δψ, Y, Z˜, Z} parametrize scalar perturbations, {ui, vi, wi} are vector perturbations
∂iui = ∂ivi = ∂iwi = 0,
and γ˜ij is the SU(2) gauge field’s is the symmetric, traceless and divergence-free tensor
fluctuation
γ˜ij = ∂iγ˜ij = 0.
The most general perturbed FRW metric can be parametrized as below
ds2 = −(1 + 2A)dt2 + 2a(∂iB + Vi)dxidt+ a2
(
(1− 2C)δij + 2∂ijE + 2∂(iWj)
+γij +
1
2
γikγjk
)
dxidxj , (A.3)
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where A, B, C and E are scalar fluctuations, Vi, Wi are vector perturbations and finally
γij is the tensor fluctuation of the metric. For this perturbed metric, we can choose the
first order perturbed tetrad, δeaµ, as
δeai = a
(
− Cδai + δaj(∂ijE + ∂(iWj) +
1
2
[γij +
1
2
γikγjk]
)
, (A.4a)
δea0 = δ
aj(a∂jE˙ + Vj). (A.4b)
Moreover, the linear order perturbed energy-momentum tensor around a background perfect
fluid can be decomposed as
δTij =P¯ δgij + a
2
(
δij(δP − 1
3
∇2piS) + ∂ijpiS + 2∂(ipiVj) + piTij
)
, (A.5a)
δTi0 =P¯ δgi0 − (ρ¯+ P¯ )(∂iδu+ δuVi ) , (A.5b)
δT00 =− ρ¯δg00 + δρ , (A.5c)
where ρ¯ and P¯ are the background energy and pressure densities. Departures from the
perfect fluid form of the energy-momentum tensor are characterized in terms of piS , piVi , pi
T
ij
which represent the anisotropic inertia, as well as δuVi which is the vorticity. They satisfy
the following conditions
∂ipi
V
i = ∂ipi
T
ij = ∂iδu
V
i = 0.
Now we are ready to construct the gauge invariant combinations of each sector. Since
{δψ, Y, Z˜, Z, ui, vi, wi, γ˜ij} are by definition invariant under the space-time gauge transfor-
mations, we need only to construct combinations which are invariant under the internal
gauge field transformations
δAaµ 7→ δAaµ +
1
g
∂µλ
a + abcA
b
µλ
c. (A.6)
Scalar modes: In the scalar sector of the perturbations, we have δψ, Y , Z and Z˜
from the perturbations of the gauge field. Under the action of the internal gauge field
transformation of the form (3.19), the gauge field perturbations transform as
δψ 7→ δψ , Y 7→ Y + 1
g
λ˙ ,
Z 7→ Z , Z˜ → Z˜ + 1
g
λ .
(A.7)
Therefore, the scalar gauge invariant combinations of the gauge field are
δψ = δψ, M =
g2φ3
a2
Z and M˜ = φ˙( ˙˜Z − Y ) . (A.8)
Vector modes: In the vector sector, we have ui, vi and wi which under the infinitesimal
gauge transformation (3.19), they change as
ui 7→ ui + 1
ag
λ˙iV , vi 7→ vi +
1
ag
λiV , wi 7→ wi +
1
a
λiV . (A.9)
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Hence, we can construct two gauge invariant vector perturbations
Ui = ui − 1
ag
(awi)˙ and Vi = vi − 1gwi . (A.10)
Moreover, the gauge-invariant combination corresponding to the metric perturbations
Zi = W˙i − 1
a
Vi. (A.11)
Tensor modes: In the tensor sector we have two gauge invariant spin-2 perturbations,
γij and γ˜ij . The tensor fluctuation of the metric (gravity wave) is parametrized by γij and
the spin-2 perturbation of the gauge field is presented by γ˜ij .
B Quadratic action of tensor modes
In this appendix, we work out the quadratic action of the symmetric traceless tensor per-
turbations. Focusing on the tensor perturbations, we have the perturbed metric
g00 = −1, g0i = 0 and gij = a2eγij , (B.1)
where γij(t, ~x) is a symmetric traceless tensor
γii(t, ~x) = ∂jγij(t, ~x) = 0,
and the inverse metric is
g00 = −1, g0i = 0 and gij = a−2e−γij . (B.2)
The perturbed gauge field has the tensor fluctuations of the form
Aai = 0 and A
a
i = aψδ
ajeXij+
1
2
γij , (B.3)
in which we used eai = δ
aje
1
2
γij and Xij(t, ~x) is related to the genuine tensor modes of the
gauge field as
γ˜ij(t, ~x) ≡ ψ
(
eX − 1
)
ij
' ψ
(
Xij +
1
2
XikXkj
)
. (B.4)
The field strength tensor generated by the gauge field (B.3) to order two is
F a0i = δ
aj
[
∂t(aψ)δjk + aψ∂t(Xjk +
1
2
γjk)
]
(eX+
1
2
γ)ki, (B.5a)
F aij = 2aψδ
ak(eX+
γ
2 )l[j∂i]
(
Xlk +
1
2
γlk
)
+ ga2ψ2akl(eX+
γ
2 )ki(e
X+ γ
2 )lj . (B.5b)
while F 0ia and F
ij
a are given as
F 0ia = −a−2δaj
[
∂t(aψ)δjk + aψ∂t(Xjk +
1
2
γjk)
]
(eX−
1
2
γ)ki,
F ija = 2a
−3ψδak(eX−
γ
2 )l[j(e
−γ)i]m∂m
(
Xlk +
1
2
γlk
)
+ ga−2ψ2akl(eX−
γ
2 )ki(e
X− γ
2 )lj .
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Therefore, we have
F 0ia F
a
0i = −a−2
[
∂t(aψ)δjk + aψ∂t(Xjk +
1
2
γjk)
][
∂t(aψ)δjm + aψ∂t(Xjm +
1
2
γjm)
]
(e2X)km,
which after using (B.4), we can read the second order F 0ia F a0i as
δ2(F
0i
a F
a
0i) = −a−2
(
[∂t(aγ˜ji)]
2 +
a2ψ2
4
(γ˙ij)
2 + a∂t(aψ)γ˜ij γ˙ij + a
2ψγ˙ij ˙˜γij
)
. (B.7)
The other term in the Yang-Mills theory, F ija F aij , is
F ija F
a
ij = g
2ψ4
[(
tr[e2X ]
)2
− tr[e4X ]
]
+ 2a−2ψ2∂i
(
Xlk +
1
2
γlk
)
∂j
(
Xmk +
1
2
γmk
)
×[
(e2X)ml(e
−γ)ij − (eX−
γ
2 )mi(e
X)jl
]
+ 4gψ3a−1ijk(eX−
1
2
γ)jm(e
2X)kn∂m
(
Xin +
1
2
γin
)
,
which at the second order and after using (B.4) is given as
δ2(F
ij
a F
a
ij) = 2a
−2[∂k(γ˜ij +
1
2
ψγij)]
2 + 4gψa−1ijkγ˜kl∂j
(
γ˜il +
ψ
2
γil
)
. (B.8)
Therefore the Yang-Mills has the following contribution to the quadratic action of tensor
perturbations
−
√−g
4
δ2(F
a
µνF
µν
a ) =
a3
2
(
˙˜γ2ij − a−2(∂kγ˜ij)2 − (H˙ + 2H2)γ˜2ij + 2gψa−1ijkγ˜il∂j
(
γ˜kl +
ψ
2
γkl
)
+ψγ˙ij ˙˜γij − ψa−2∂kγ˜ij∂kγij + a∂t(aψ)γ˜ij γ˙ij + 1
4
ψ2(γ˙2ij − ∂kγ2ij)
)
. (B.9)
Moreover, writing the Chern-Pontryagin density in terms of the Chern-Simons current
as
1
2
F aµνF˜
µν
a = 
µνλσ∂µ
(
Aaν∂λA
a
σ +
1
3
gabcAaνA
b
λA
c
σ
)
, (B.10)
we arrive at
1
2
ϕF aµνF˜
µν
a = −ϕ˙a−3ijk
(
Aai∂jA
a
k +
1
3
gabcAaiA
b
jA
c
k
)
. (B.11)
For our convenience, here we introduce
Yij ≡ Xij + 1
2
γij ,
where tr(γ) = 0 and Xij + 12X
2
ij ≡ γ˜ij . In terms of Yij , we can write the last term in (B.11)
as
a−3ijkabc
(
AaiA
b
jA
c
k
)
= ψ3ijklmn
(
(eY )il(e
Y )jm(e
Y )kn
)
= 3!ψ3 det(eY )
= 3!ψ3etr(Y ) = 3!ψ3etr(X), (B.12)
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which in terms of γ˜ij in (B.4), we can write it as
a−3ijkabc
(
AaiA
b
jA
c
k
)
= 3!ψ
(
ψ2 − 1
2
γ˜2ij
)
. (B.13)
That then gives its second order of perturbation as
1
3
a−3gijkabcδ2
(
AaiA
b
jA
c
k
)
= −gψγ˜2ij . (B.14)
It is straightforward to see that
δ2(
ijkAai∂jA
a
k) = a
2ψ2ijkYil∂jYkl + total derivative. (B.15)
Finally, from (B.14) and (B.15) we arrive at
− λ
√−g
4f
ϕδ2(F
a
µνF˜
µν
a ) =
a3
2
(
ϕ˙λ
af
ijk(γ˜il +
ψ
2
γil)∂j(γ˜lk +
ψ
2
γlk)− ϕ˙gψ
f
γ˜2ij
)
. (B.16)
The total quadratic action for the spin-2 fluctuations is given as
δ2ST = δ2SG + δ2SA, (B.17)
where δ2SG and δ2SA are the contributions of perturbed gravitational sector and the gauge
field sector respectively. The perturbed Einstein-Hilbert action leads to
δ2SG =
1
2
∫
a3d3xdt
1
4
[
γ˙2ij − a−2(∂kγij)2
]
, (B.18)
while from the combination of (B.9) and (B.16), we can find δ2SA as
δ2SA =
1
2
∫
a3d3xdt
[
˙˜γ2ij − a−2(∂kγ˜ij)2 − (H˙ + 2H2 +
λϕ˙gψ
f
)γ˜2ij + 2(
λϕ˙
2f
+ gψ)a−1ijkγ˜il∂j γ˜lk
+ψγ˙ij ˙˜γij − ψ
a2
∂kγ˜ij∂kγij + gψ2a−1ijkγ˜il∂jγkl +
∂t(aψ)
a
γ˜ij γ˙ij +
λϕ˙ψ
2af
ijk(γ˜il∂jγlk + γil∂j γ˜lk)
+
1
4
ψ2
(
γ˙2ij − a−2(∂kγij)2 +
λϕ˙
af
ijkγil∂jγlk
)]
. (B.19)
From the action (B.19), we can read the field equation of γ˜ij as
¨˜γij + 3H ˙˜γij − a−2∂2γ˜ij + 2(1 + ξξψ − 1
2
)H2γ˜ij − 2(ξ + ξψ)Ha−1ilk∂lγ˜jk ' 0, (B.20)
in which we neglect the effect of slow-roll suppressed interaction with metric. Moreover,
varying the action (B.17) with respect to γij and after using (B.20), we find the field
equation of graviton as
γ¨ij+3Hγ˙ij−a−2∂2γij+2ψ
(
¨˜γij+3H ˙˜γij−a−2∂2γ˜ij+H ˙˜γij+(3−)H2γ˜ij−(ξψ+2ξ)Ha−1ilk∂lγ˜jk
)
' 0,
which after using (B.20), we arrive at
γ¨ij + 3Hγ˙ij − a−2∂2γij + 2ψ
(
H ˙˜γij + (1− 2ξξψ)H2γ˜ij + ξψHa−1ilk∂lγ˜jk
)
' 0. (B.21)
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From the above, we can read the anisotropic stress generated by the gauge field as
piTij = Hψ
(
(2ξψξ − 1)Hγ˜ij − ˙˜γij − ξψa−1ilk∂lγ˜jk
)
. (B.22)
As we see, the spin-2 perturbations of the SU(2) gauge field provides a source term for the
gravity waves.
C Brief Overview of Bianchi Family in GR
The simplest generalization of the FRW model with six Killing vector fields are Bianchi
cosmological models with three Killing vector fields. The Bianchi family are geometries
with spatially homogeneous (constant t) surfaces which are invariant under the action of a
three dimensional symmetry group, named after the classification scheme for 3-parameter
Lie groups [36]. The Bianchi space-time can be foliated into the spatial homogeneous
hypersurfaces Σt,
M = R× Σt,
where R is the time variable. In each of these spatially homogeneous surfaces there exist a
set of basis vectors ei that spans a Lie algebra as20
[ei, ej ] = Ckijek. (C.1)
Using the hypersurface normal one-form n = dt and eis which are the one-form basis duals
to eis (ei.ej = δij), we can always write a Bianchi metric as (e.g. see [37])
ds2 = −dt2 + e2α(t)e2βij(t)ei ⊗ ej , (C.2)
where i, j = 1, 2, 3 label the coordinates in homogeneous space-like hypersurfaces, eα is
the isotropic scale factor and βij is a traceless matrix which parametrizes the anisotropies.
Bianchi classification categorizes the family of three dimensional Lie algebras into 9 different
classes in which each algebra is labeled by a number I-IX.
Time evolution preserved the Bianchi type. Some types, however, permit isotropic sub-
cases. Among the 9 different types of Bianchi models, some of them contain the standard
FRW Universe. In particular, the flat FRW (k = 0) is a special case of Bianchi types I
and VII0, while the open FRW (k = −1) belongs to type V or VIIh and Bianchi type IX
contains the closed FRW model (k = 1). Here we focus on the Bianchi types I and VII0
which have flat space FRW cases.
Bianchi type I: In the Bianchi type I which is the simplest case, the Lie algebra is
Abelian
[Xi, Xj ] = 0, (C.3)
which implies that the Killing vectors Xi, are the group of Galilean translations along the
Cartesian coordinates xi
Xi = ∂i. (C.4)
20The three Killing vectors, Xi, corresponding to {ei} satisfy [ei, Xj ] = 0 and [Xi, Xj ] = −CkijXk.
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Figure 1. TheX3 Killing vector field and its integral curves for Bianchi types I and VII0. TheXI3 is
equal to T3 = ∂z and induces a transformation along the z-axis. on the other hand, XV II03 = T3+R3
and induces a complex spiralling motion along the z-axis. The solid purple lines are the integral
curves of XV II03 , the solid red lines show the integral curves of X
I
3 and the dashed blue lines
represent R3 respectively.
Hence, we have e1 = dx, e2 = dy and e3 = dz. Using the above and (C.2), we find the
explicit form of the Bianchi type I metric as
ds2 = −dt2 + a21(t)dx2 + a22(t)dy2 + a23(t)dz2, (C.5)
which has three different scale factors for each spatial direction.
Bianchi type VII0: In the Bianchi type VII0, the non-zero structure constants are of
the form C213 = −C123 = −1. That then leads to the following commutation relations for
the Killing vectors
[X1, X2] = 0, (C.6a)
[X1, X3] = X2, (C.6b)
[X2, X3] = −X1, (C.6c)
which implies that X1 and X2 are the Galilean translations along x and y while X3 is
X3 = T3 +R3, (C.7)
which is a combination of the translation along z and the rotation around z-axis (Ri =
ijkx
j∂k). That Killing vector field generates a spiralling motion along the axis z (see fig.
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2). Using [Xi, ej ] = 0, we find the basis vectors as21
e1(z) = cos z∂x + sin z∂y, (C.8a)
e2(z) = − sin z∂x + cos z∂y, (C.8b)
e3(z) = ∂3. (C.8c)
The one-form basis duals can be find using ei.ej = δij . Finally, using (C.2) and the above,
we arrive at the following general form for a Bianchi type V II0 metric
ds2 = −dt2 + e2α(t)[e2β˜(t)dz2 + e2βab(t)ea ⊗ eb], (C.9)
where a,b = 1, 2, α(t) and β(t) are two functions of time while βab(t) is a time-dependent
2× 2 traceless matrix. In the coordinate basis, we can write the above metric as
ds2 = −dt2 + e2α(t)[dx2 + dy2 + e2β˜(t)dz2 + γij(t,x)dxidxj], (C.10)
where γij(t,x) is a traceless tensor given as
γij(t,x) =
 cos(q.x) sin(q.x) 0sin(q.x) -cos(q.x) 0
0 0 0
 , (C.11)
in which q is directed along the z-axis and its magnitude q is an arbitrary constant corre-
sponding to the scale transformation of the z-axis. It is interesting to notice that while the
Bianchi metric is only time-dependent in the one-form basis, it can be a function of space-
time in the coordinate basis. The above γij(t,x) tensor is a standing circularly polarized
gravitational wave and the positive (negative) value of q corresponds to a helicity +2 (−2)
state of the gravitational wave.
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